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Free Vibration of Unsymmetrically Laminated
Beams Having Uncertain Ply Orientations
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Three models were developed to predict randomness in the free vibration response of unsymmetrically laminated
beams: exact Monte Carlo simulation, sensitivity-based Monte Carlo simulation, and probabilistic � nite element
analysis(FEA). It is assumed thatrandomness in the response is only caused by uncertainties in the ply orientations.
The ply orientations may become random or uncertain during the manufacturing process. A new 16-degree-of-
freedom beam element, based on the � rst-order shear deformation beam theory, is adapted for use in studying
the probabilistic nature of the natural frequencies. With the use of variational principles, the element stiffness
matrix and mass matrix are obtained through analytical integration. With the use of a random sequence, a large
data set following normal distribution is generated, containing possible random ply orientations. The sensitivity
derivatives are numerically calculated through an exact analytical formulation. The eigenvalues are expressed
in terms of deterministic and probabilistic quantities, which allows the determination of how sensitive they are
to variations in ply angles. The predicted mean value and coef� cient of variation of the natural frequencies for
sensitivity-based Monte Carlo simulation and probabilistic FEA are in good agreement with the exact Monte
Carlo simulation. Results show that variations of §§ 5 deg in ply angles have little effect on the lower mode natural
frequencies of unsymmetrically and symmetrically laminated beams.

Introduction

I N recent years, there has been an increasing demand for � ber-
reinforced laminated composite materials in aircraft structures.

The main reasonsare that the compositespossess the followingben-
e� cial characteristics:They are lightweight, cost effective,and able
to handledifferentstrengthsin differentdirections.1 However, these
materials offer quite a few challenges to structural engineers. Be-
causeof the inherentcomplexityof � ber-reinforcedlaminated com-
posites, it can be challenging to manufacture composite structures
accordingto their exact design speci� cations, resulting in unwanted
material and geometric uncertainties.

The design and analysis using conventional materials is easier
than thoseusingcompositesbecausefor conventionalmaterialsboth
material and geometric properties have either little or well-known
variation from their nominal value. On the other hand, the same
cannot be said for the design of structuresusing laminated compos-
ite materials. Thus, the understandingof uncertainties in laminated
structures is very important for an accurate design and analysis of
aerospace and other structures.Elishakoff2 has suggested three dif-
ferent approaches to study uncertainties: 1) probabilistic methods,
2) fuzzy set or possibility-basedmethods, and 3) antioptimization.

The nonprobabilisticmethods such as fuzzyset theoryand antiop-
timizationare used when the data regarding the uncertainparameter
are not available or little is known about the probability density
function (PDF).3;4 However, these uncertainties are ignored in this
research because nonprobabilisticmethods are beyond the scope of
the present work.

In this research, the noncognitive sources of uncertainty are of
great interest and are dealt with using probabilisticmethods or non-
probabilisticmethods. The noncognitivesourcesof uncertainty,that
is, material and geometric variations, are in general quanti� ed, and
informationabout the uncertaintyof these parametersmay be avail-
able. When suf� cient data are available to predict the PDF, then a
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probabilisticmethodcan beused.Thus, throughoutthiswork,uncer-
taintiesdue to noncognitivesourcesare studiedusinga probabilistic
approach.

The randomness of noncognitive sources leads to variations in
the stiffness and mass coef� cients of the laminates. These uncer-
tainties may involve geometric quantities, that is, ply orientations
and dimensions; material properties, that is, elastic modulus, shear
modulus, Poisson’s ratio, and material density; and external proper-
ties, that is, thermal and loading effects. However, in this research
only those uncertainties involving geometric properties (ply orien-
tations) are considered.

What has attractedmany researchersto studystructureswith lam-
inated composites is the complexityof these materials.Because it is
costly to analyze a composite structureas a three-dimensionalsolid,
analysisof many composite structures can be performed using lam-
inated one- and two-dimensional theories, such as beam theory. A
review of various available theories for analyzing laminated beams
is given by Kapania and Raciti.5 Earlier, a 12-degree-of-freedom
(DOF) element was developed and formulated for determinis-
tic symmetric laminated beams to study their static and dynamic
behaviors.6 Later a 20-DOF element (Kapania–Raciti element) was
developedto study static, free vibration,buckling,and nonlinearvi-
brational analysis of unsymmetrically laminated beams.7;8 In these
works, the effects of uncertaintieswere not considered.

The probabilistic analysis can be performed using either an ana-
lytical or a computationalapproach. An analytical approach would
be most accurate, although cumbersome and impractical except for
very simple systems. However, with the availability of high-speed
computers, the � nite element method has become a standard for
engineers to analyze structures with complex geometry, including
various sources of nonlinearities. However, the deterministic � nite
element method fails to take into account uncertainty in different
parameters of the structure, and, thus, cannot be used for reliability
analysis.

Various methods exist to analyze an uncertain structure by in-
tegrating probabilistic aspects into the � nite element modeling. In
particular, there has been a growing interest in applying these meth-
ods to better understand laminated composite structures by inte-
grating the stochastic nature of the structure in the � nite element
analysis.9 When the probabilistic nature of material properties, ge-
ometry, and/or loads is integrated in the � nite element method, such
concept is called probabilistic � nite element method.

The probabilistic � nite element analysis (PFEA) can be classi-
� ed into two categories: perturbation techniques and simulation
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methods. Perturbation techniques are based on series expansion,
that is, Taylor series, to formulate a linear or quadratic relation-
ship between the randomness of the material, geometry, or load and
the randomnessof the response (see Refs. 10 and 11). Therefore, an
FEA usingMonte Carlo simulationis developedto take into account
the stochastic nature of the ply orientations.

Work donebyVinckenroyet al.12 presentsa new techniqueto ana-
lyze these structuresby combiningthe stochasticanalysisand the � -
nite elementmethod in structuraldesign.Mei et al.13 used a wavelet-
based stochastic analysis to analyze isotropic beam structures.

Oh and Librescu14 studied the free vibration and reliability of
cantilevercomposite beams featuring structural uncertainties.They
used a stochastic Rayleigh–Ritz formulation. However, to the best
of the authors’ knowledge, no work has been done regarding the
effect of uncertaintiesincurringin the ply orientationson the natural
frequencies of unsymmetrically laminated beams using PFEA.

The primary goal of the present work is to predict the dynamic
behavior of unsymmetrically laminated beams with uncertainties.
To study the stochastic nature of the dynamic response of such
beams, a new 16-DOF element is developed using � rst-order shear
deformation beam theory to account for uncertainties. A detailed
overview of this element is presented. When this element is used,
the free vibration analysis is performed for only those uncertainties
associated with layerwise ply orientations.

16-DOF Laminated Beam Element
Overview

The present 16-DOF laminated beam element takes into account
the existence of various coupling effects, which play a major roll in
laminate composite materials. This element is valid for the analy-
sis of both symmetric and unsymmetrically laminated beams. The
motivation to develop a new beam element was to have a formula-
tion consistent with the � rst-order shear deformation beam theory
(FSDT) that is able to analyze unsymmetrically laminated beams
and that would account for most of the uncertainties involved in a
laminatedbeamwhen modeled usingFSDT. In the presentwork, the
referencesystem of the coordinatesis such that the x axis lies along
the length of the beam and the z axis is placed at the midsurface
measuring the transversedisplacements.The present work assumes
that the x–z plane divides the beam in two identical parts: In other
words, material, geometry, and loading are symmetric about the
x–z plane. When twisting is considered and in-plane shear is ig-
nored, the displacement � eld for the FSDT in the de� ned reference
system can be expressed as follows:

U .x; y; z/ D u.x/ C zÁ.x/ (1a)

V .x; y; z/ D ¡z¿ .x/ (1b)

W .x; y; z/ D w.x/ C y¿ .x/ (1c)

Therefore, the � nite element formulation considers eight DOF at
each node: axial displacement u, transverse de� ection w, rotation
of the transversenormals Á, twist angle ¿ , and their derivativeswith
respect to x . These nodaldisplacementsmeasured at the midsurface
are

qT
ti

D fu1; u 0
1; w1; w0

1; ¿1; ¿ 0
1; Á1; Á 0

1; u2; u 0
2; w2; w0

2; ¿2; ¿ 0
2; Á2; Á 0

2g
(2)

The de� ection behavior of the beam element for the � rst-order the-
ory including transverse twist effect is approximated as

u.x/ D N1u1 C N2u 0
1 C N3u2 C N4u

0
2

w.x/ D N1w1 C N2w
0
1 C N3w2 C N4w0

2

¿ .x/ D N1¿1 C N2 ¿ 0
1 C N3¿2 C N4 ¿ 0

2

Á.x/ D N1Á1 C N2 Á 0
1 C N3Á2 C N4 Á 0

2 (3)

where the shapefunctionsNi .x/ are thewell-knownHermitianpoly-
nomials. This can be expressed as follows

qt .x/ D Nqti (4)

where matrix N is known as the shape function matrix.

Strain–Displacement Relationship
The nonzero strains in the preceding formulation are related to

the displacements as follows:
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In vector form, the strains are expressed as follows:

" D f"x x ; "yy ; °x y; ·x x ; ·yy ; ·xy ; °x zgT (8)

WhenEqs. (2), (3), and (8) areused, the strain–displacementrelation
can be expressed as

" D Bsdqti (9)

where Bsd is the strain–displacement matrix.

Constitutive Material Law
The beam element formulation considers orthotropic laminated

composites.Although strain ezz is zero, the present formulationwill
assume state of plane stress (¾zz D 0) and condense ezz from the
stress–strain relationship.The reduced material coef� cients are ex-
pressed as Q i j .

Because in laminated composites each ply may have different
orientation, the stresses are expressed in terms of an arbitrary
angleµ , and the transformedplanestress-reducedelasticcoef� cients
are expressed as NQ i j (Jones1). Thus, the transformed stress–strain
relationship takes the following form:
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A, B, and D Matrices
The extensionalmatrix A, the extensional–bending couplingma-

trix B, and the bending–stiffness matrix D are de� ned as15

Ai j D
NlamX

k D 1

NQ i j .zk C 1 ¡ zk /; i; j D 1; 2; 5; 6 (11)

Bi j D
NlamX

k D 1

NQ i j

³
z2

k C 1 ¡ z2
k

2

´
; i; j D 1; 2; 6 (12)

Di j D
NlamX

k D 1

NQ i j

³
z3

k C 1 ¡ z3
k

3

´
; i; j D 1; 2; 6 (13)

where Nlam is the total number of laminates considered.When sym-
metrically laminated composites are considered, B is identically
zero, and the couplingbetweenbendingand stretchingvanish.How-
ever, for unsymmetrically laminated beams, the coupling cannot be
ignored, and it must be included in the analysis. In the presence of
uncertainties, laminate composite structures are no longer symmet-
ric, and the analysis of unsymmetrically laminated structures is a
more accurate one.
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Laminate Constitutive Relations
The basic constitutive relation is

Qs D C" (14)

where Qs D fNx x ; Nyy ; Nxy ; Mx x ; Myy ; Mx y; Q x gT is the stress and
moment resultant vector, C is the bending–stiffness matrix, and " is
the strain vector, de� ned by Eq. (9).

In the analysisof one-dimensionalbeam elements, the Nyy resul-
tant force and the Myy bending moment are made to vanish:

Myy D N yy D 0 (15)

On the other hand, the displacement � eld suggests eyy D 0. Loads
and strains cannot be prescribed at the same time. Because a one-
dimensional analysis is being considered, the load conditions are
prescribed,and the in-planestrain "yy and the bendingcurvature·yy

are condensed in the constitutive equations.
The bending–stiffness matrix is partitioned and renamed Dc as

follows:

Dc D

2
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3

75 (16)

where
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5 (17)
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The reduced form of the � rst submatrix in the bending–stiffness
matrix is calculated as

DR D DI;I ¡ DI ;I I D¡1
I I;I I DI I;I (20)

When the preceding expression is used, an equivalent bending–
stiffness matrix Dc for an unsymmetrically laminated beam is de-
termined to be

Dc D

2

664

Dc11 Dc12 Dc13 0
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Dc13 Dc23 Dc33 0

0 0 0 Dc44

3

775 (21)

where the coef� cients of Dc are
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Ks is the transverseshear correction factor. First-orderMindlin the-
ory assumes that the transverseshear strain and, thus, the transverse
shear stresses are constant along the thickness direction. For this
case, Reissner16 proposed K D 5

6 as an approximation to the shear
correction factor. However, the actual variation of the transverse
shear stresses is not constant, and this can lead to signi� cant dis-
crepancies for unsymmetrically laminated beams.17 Currently the
authors of this paper are expanding their formulation to nonlinear
analysis including warping and a more accurate transverse shear
distribution.However, here we take the shear correctionfactor as 5

6 .

Element Stiffness Matrix
When Eqs. (9) and (14) are used, and when it is noted that matrix

Dc has been integrated throughout the thickness, the virtual work
done by internal forces in a beam element can be written as

± W int D ±qT
ti
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3
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| {z }
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qti (22)

where Ke is the element stiffness matrix

Ke D
Z `e

0

Z b0=2

¡b0=2

BT
sdDcBsd dy dx (23)

and b0 is the width of the beam, `e is the length of the beam element,
Dc is the equivalent bending–stiffness matrix.

Element Mass Matrix
The virtual kinetic energy can be expressed as

± W iner D ¡½

Z Z
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±qT
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D ¡±qT
ti
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where Me is the element mass matrix

Me D
Z

`e

0

NT MN dx (26)

½ is the mass density, N is the shape function matrix, matrix M is

M D

2

664

I0 0 0 I1

0 I0 0 0

0 0 Jx 0

I1 0 0 I2

3

775 (27)

and the coef� cients of matrix (27) are de� ned as follows:

Ir D b0

NlamX

k D 1

½k

(
z

.r C 1/

k C 1 ¡ z
.r C 1/

k

r C 1

)

; r D 0; 1; 2

Jx D
b2

0

12
I0 C I2

Note that the availability of symbolic manipulator such as
MATHEMATICA® (Wolfram Research, Inc.) has made it possi-
ble to determine the analytical expressions for coef� cients of both
mass and stiffness matrices. When these matrices are obtained an-
alytically, CPU time is reduced. This greatly saves CPU time for
the Monte Carlo simulation because one no longer has to perform
numerical integration for each case.
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Free Vibration Analysis
Apply the dynamic version of the principle of virtual work,

Z T

0

f±W ext ¡ ± W int ¡ ±W iner g dt D 0 (28)

and further assume a harmonic response; the solutionof these equa-
tions results in an eigenvalue problem:

£
Kg ¡ !2Mg

¤
q D 0 (29)

where Mg is the global mass matrix and Kg is the global stiffness
matrix.

Probabilistic Approach
Overview

The present analysis assumes that the all random variables obey
a normal distribution18:

fi .x/ D
¡
1
¯

¾i

p
2¼

¢
exp

©
¡ 1

2
[.x ¡ ¹i /=¾i ]2

ª
(30)

where ¾ 2
i and ¹i are the variance and the mean value of the i th ran-

domvariable,respectively.In the presentwork, the randomvariables
are considered as independent and are denoted as

x D fµ1; µ2; : : : ; µng (31)

where µi are the ply angles. Because these are independent random
variables, the PDF can be expressed as follows:

f .x1; x2; : : : ; xn/ D
nY

i D 1

fi .x/ (32)

Several probabilistic methods have been used to analyze an un-
certain unsymmetrically laminated beam by integrating uncertain
aspects into the � nite element modeling such as the perturbation
technique using Taylor series expansion and simulation methods,
that is, Monte Carlo simulation.Vinckenroyet al.12 presenteda new
technique to analyze these structures by combining the stochastic
analysis and the � nite element method in structural design. How-
ever they did not extend their work to dynamic problems.Stochastic
methods were also studied by Haldar and Mahadevan.19 They ap-
plied the concepts to reliability analysis using the � nite element
method. The probabilistic methods used here are a subset of the
stochastic methods. The only difference is that stochastic methods
consider spatially correlated random variables and in probabilistic
methods these random variables are not necessarily spatially cor-
related. Here we use the probabilistic � nite element method with
uncorrelated random variables.

Monte Carlo Simulation
Monte Carlo simulation (MCS), although computationally ex-

pensive, is a quite versatile technique that is capable of handling
situations where other methods fail. The MCS is also often used to
verify the results obtained from other methods.

MCS methodsare basedon the use of randomvariablesand prob-
ability statistics to investigate problems. Most computers have the
capability to generate uniformly distributed random numbers u i be-
tween 0 and 1. Afterward random variables xi are, in general, ob-
tained as

si D si .xi / D 8¡1.ui / (33)

where si is a function of the random variable xi and 8¡1 is the
inverse of the cumulative distribution function.

When working with normal distributed random variables, one
faces the challenge of not having the inverse of the normal distri-
bution function in a simple closed-form expression.20 Therefore,
random variables xi were generated using a numerical method de-
veloped by Odeh and Evans.21 However, other methods can be used
such as the one proposed by Atkinson and Pearce.22

A large sample is generated, and then using PDFs, one evalu-
ates the probabilityof having such values. The larger the number of

simulations is, the higher the con� dence is in the probabilitydistri-
bution of the obtained results. Therefore, for the present analysis,
at least 10,000 realizations of the uncertain beam are performed,
which increases the accuracy of the ply-angle distribution � tted to
the sample data.

Probabilistic Eigenvalue Analysis
The probabilistic eigenvalue problem is expressed as

[K ¡ ¸M]fÁg D 0 (34)

where K, M, ¸, and Á are the probabilistic stiffness matrix, mass
matrix, eigenvalues, and eigenvectors, respectively.

In problems where uncertainties are considered, there exists no
density function describing the random nature of the system. The
information is limited to only the mean values of the random vari-
ables. In such cases, perturbationstechniquesare suggested,among
other existing techniques.9;23 In general, the relationship between
the random variables ri and the matrix Y can be represented as a
function of random variables:

Y D Y.x1; x2; : : : ; xn/ (35)

In most cases the sensitivityderivativesof matrix Y can be obtained.
Therefore, the matrix Y can be expandedusing Taylor series expan-
sion about the mean values (see Ref. 24):

Y D Y 0 C
nX

i D 1

Y I
i ²i C 1

2

nX

i D 1

nX

j D 1

Y I I
i j ²i ² j C ¢ ¢ ¢ (36)

Y 0 D Y

­­­­
x D x0

Y I
i D @Y

@xi

­­­­
x D x 0

Y I I
i j D @2Y

@xi @x j

­­­­
x D x0

where x0 D .¹1; ¹2; : : : ; ¹n/ is a set of mean random variables and
²i D xi ¡ ¹i is a set of zero-mean uncorrelated random variables.
For the case of random variables, ²i is small, which allows us to
approximate the series to second order and to ignore all higher-
order terms.

In the free vibrational analysis of the present problem, the ran-
dom nature of the stiffness matrix, mass matrix, eigenvalues, and
eigenvectors are studied using a Taylor series expansion as men-
tioned earlier. Oh and Librescu14 used a similar formulation for a
stochastic Rayleigh–Ritz approach. Opposed to the work done by
Oh and Librescu, the present formulation can use results provided
by commercial � nite element codes, greatly reducing the number of
calculations.The present formulationalso calculates the eigenvalue
sensitivities up to second-orderapproximation.

The presence of structural uncertainties results in certain ran-
domness in the extensionalmatrix A, extensional–bendingcoupling
matrix B, and bending matrix D. The coef� cients of these matrices
are present in the equivalentbending–stiffnessmatrix Dc [Eq. (21)].
Thus, thematrix Dc will have certain randomnessassociatedas well,
and, by virtue of Eq. 23, these uncertainties affect the stiffness ma-
trix. Thus, the random nature of the stiffness matrix K is expanded
in terms of the mean-centeredzeroth-, � rst-, and second-orderrates
of change with respect to the random variables as in Eq. (36):

K D K 0 C
nX

i D 1

K I
i "i C 1

2

nX

i D 1

nX

j D 1

K I I
i j "i " j (37)

Similarly, the random nature of the mass matrix M is expanded in
terms of the mean-centeredzeroth-, � rst-, and second-orderrates of
change with respect to the random variables as

M D M 0 C
nX

i D 1

M I
i "i C

1

2

nX

i D 1

nX

j D 1

M I I
i j "i " j (38)

The eigenvalues and eigenvectors are also affected by uncertain-
ties. The perturbed eigenvalues and eigenvectors are expressed in
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a) Four-ply symmetrical layup, 90/¡¡ 45/¡ ¡ 45/90 laminated beam

b) Four-ply unsymmetrical layup, 90/¡¡ 45/0/25 laminated beam

c) Eight-ply symmetrical layup, 90/¡ ¡ 45/30/0/0/30/¡ ¡ 45/90 laminated
beam

d) Eight-ply unsymmetrical layup, 90/¡ ¡ 45/30/0/25/45/¡ ¡ 90/¡¡ 30 lami-
nated beam

Fig. 1 Fundamental dimensionless eigenvalue distribution using exact MCS, sensitivity MCS, and SFEA for a cantilevered laminated beams.

terms of their mean-centered zeroth-, � rst-, and second-order rates
of change with respect to the random variables as
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¸I
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The eigenvectors are
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AfterEqs. (37–40) are substitutedinto Eq. (34), the stochasticeigen-
value problem is expressed as
"
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(41)

The uncertaintiesin the randomvariablesare in general small. As
a consequence,in the applied perturbationtechnique, it is suf� cient
to consideronly up to second-orderterms. The expansionofEq. (41)
leads to three equations, which are solved successively.

When the zeroth-orderterms of "i is equated in the expansion,an
eigenvalueproblem for the mean-valued system is obtained. There-
fore, the mean-centeredzerothderivativeeigenvaluesand associated
eigenvectors are obtained from

[K0 ¡ ¸0M 0]fÁ0g D 0 (42)

Afterpremultiplyingthe� rst-andsecond-ordertermsof "i by fÁ0gT ,
the expressions for the mean-centered � rst and second eigenvalue
derivatives are found as

¸I
i D

fÁ0gT
£
K I

i ¡ ¸0M I
i

¤
fÁ0g

fÁ0gT [M0]fÁ0g
(43)

¸I I
i j D

fÁ0gT
£
K I I

i j ¡ ¸0M I I
i j ¡ 2¸I

i M I
j

¤
fÁ0g

fÁ0gT [M0]fÁ0g
(44)
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a) Symmetrical layup, 90/¡¡ 45/¡ ¡ 45/90 laminated beam

b) Unsymmetrical layup, 90/¡ ¡ 45/0/25 laminated beam

Fig. 2 Sensitivityof the fundamentaldimensionlesseigenvalue for a 4-ply cantilevered laminatedbeam to the � rst andsecond derivativecontributions;
note that the contribution of the second derivative can be neglected. Zeroth variation is represented the darkest lines.

Moreover, the mass matrix is not affected when only considering
thoseuncertaintiesinvolvingply orientations.Therefore,the deriva-
tives of the mass matrix M with respect to ply angles vanish, which
reduces Eq. (38) to the deterministic mass matrix M 0. This simpli-
� es the precedingexpressionsfor themean-centered� rst and second
eigenvalue derivatives.

The advantage of the perturbation method is that the eigenvalue
problem needs to be solved only once. The sensitivity analysis is
done by using results from the mean-valued eigenvalue problem.
This results in great computational saving.

The mean value of the eigenvalue is obtained by taking the ex-
pected value of Eq. (39):

¹¸ D E [¸] D ¸0 C 1

2

nX

i D 1

nX

j D 1

¸I I
i j E ["i " j ] (45)

The variance and the standard deviation are de� ned as

var[¸] D E[¸2] ¡ ¹2
¸ (46)
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a) Symmetrical layup, 90/¡¡ 45/30/0/0/30/¡¡ 45/90 laminated beam

b) Unsymmetrical layup, 90/¡ ¡ 45/30/0/25/45/¡ ¡ 90/¡¡ 30 laminated beam

Fig. 3 Sensitivityof the fundamentaldimensionlesseigenvalue for a 8-ply cantilevered laminatedbeam to the � rst andsecond derivativecontributions;
note that the contribution of the second derivative can be neglected. Zeroth variation is represented by the darkest lines.

¾¸ D
p

var[¸] (47)

The uncertainty associated with the inherent randomness is given
by the coef� cient of variation23

±¸ D ¾¸=¹¸ (48)

For symmetrically distributed independent random variables,

var[¸] D
nX

i D 1
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(49)

where
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and Nsam is the number of samples, equal to 10,000 in this work.
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Calculating Derivatives
Hasselman and Hart25 proposeda method to calculatederivatives

of eigenvaluesfor reduced systems. However, they assumed that the
contributionof the partialderivativesof the transformationmatrix to
the partial derivatives of the eigenvalues and eigenvectors is small.

When the derivatives of the eigenvalues are calculated, only
derivativesof the stiffnessand massmatricesareneeded.The deriva-
tives of the stiffness matrix are more involved because they require
taking the derivatives of the equivalent bending–stiffness matrix
[Eq. (21)]. Various numerical schemes, such as � nite difference,
among others, exist to evaluate these derivatives. When some of
these numerical schemes are used, ill conditioningcould be a prob-
lem. This problem can be avoided by the following formulation,
which allows the derivatives to be obtained exactly by numerical
multiplication. The technique consists of taking the derivatives of
Eq. (20) with respect to each of the variables xi :

[DR];xi D [DI;I ];xi ¡ [DI;I I ];xi [DI I ;I I ]
¡1[DI I;I ]

¡ [DI ;I I ][DI I;I I ]
¡1
;xi

[DI I;I ] ¡ [DI;I I ][DI I;I I ]
¡1[DI I; I ];xi (50)

[DR];xi x j D [DI;I ];xi x j ¡ [DI ;I I ];xi x j [DI I;I I ]
¡1[DI I;I ]

¡ [DI ;I I ];xi [DI I;I I ]
¡1
;x j

[DI I ;I ] ¡ [DI;I I ];xi [DI I;I I ]
¡1[DI I ;I ];x j

¡ [DI ;I I ];x j [DI I;I I ]
¡1
;xi

[DI I;I ] ¡ [DI;I I ][DI I;I I ]
¡1
;xi x j

[DI I;I ]

¡ [DI ;I I ][DI I;I I ]
¡1
;xi

[DI I;I ];x j ¡ [DI;I I ];x j [DI I ;I I ]
¡1[DI I ;I ];xi

¡ [DI ;I I ][DI I;I I ]
¡1
;x j

[DI I;I ];xi ¡ [DI;I I ][DI I;I I ]
¡1[DI I;I ];xi x j

(51)

The derivativesof [DI I;I I ]¡1 are calculatedusing the followingma-
trix de� nition:

Table 1 Mean value and coef� cient of variation for the � rst three dimensionless eigenvaluesa

¹¸ ±¸ , %

Exact Sensitivity Exact Sensitivity
Mode MCS MCS SFEA MCS MCS SFEA

[90/¡45]s Ply orientation
1 1.63468 1.63590 1.63925 3.94174 3.81729 3.95012
2 63.4141 63.4623 63.5888 3.83659 3.71583 3.84535
3 484.611 484.992 485.924 3.69899 3.58305 3.70819

[90/¡45/0/25] Ply orientation
1 4.10664 4.12331 4.12107 6.18145 6.15573 6.26900
2 154.076 154.697 154.617 5.87879 5.85355 5.96109
3 1125.94 1130.40 1129.87 5.47214 5.44725 5.54740

[90/¡45/30/0]s Ply orientation
1 3.23110 3.22896 3.23559 5.17099 5.18588 5.17371
2 122.606 122.540 122.782 4.96294 4.97753 4.96644
3 909.740 909.388 911.079 4.68154 4.69592 4.57623

[90/¡45/30/0/25/45/¡90/¡30] Ply orientation
1 4.53781 4.54280 4.54736 6.79755 6.87307 6.84617
2 169.500 169.712 169.873 6.44018 6.51050 6.48532
3 1231.24 1233.02 1234.09 5.96122 6.02419 6.00139

a Ex x =Eyy D 13:75, Gx y=Eyy D 0:55, G yz=Eyy D 0:25, Gx z=Eyy D 0:25, h0=b0 D 0:5, L0=h0 D 30:0, Eyy D
9:42512£ 109 Pa, ºxy D 0:30, b0 D 0:1 m, and ½ D 1550:07 kg/m3 .

Table 2 Mean value and coef� cient of variation for the dimensionless fundamental natural frequencya

¹! ±! , %

Exact Sensitivity Exact Sensitivity
Ply orientation MCS MCS SFEA MCS MCS SFEA

[90/¡45]s 1.27855 1.27902 1.28033 1.97087 1.90865 1.97506
[90/¡45/0/25] 2.02648 2.03059 2.03004 3.09073 3.07786 3.13450
[90/¡45/30/0]s 1.79753 1.79693 1.79877 2.58550 2.59294 2.58686
[90/¡45/30/0/ 2.13021 2.13138 2.13245 3.39876 3.43654 3.42308

/25/45/¡90/¡30]

a Exx =Eyy D 13:75, Gx y=Eyy D 0:55, G yz=Eyy D 0:25, Gx z=Eyy D 0:25, h0=b0 D 0:5, L0=h0 D 30:0, Eyy D 9:42512£ 109 Pa,
ºx y D 0:30, b0 D 0:1 m, and ½ D 1550:07 kg/m3 .

[DI I ;I I ]
¡1[DI I ;I I ] D [I ] (52)

These derivatives are

[DI I;I I ]
¡1
;xi

D ¡[DI I;I I ]
¡1[DI I;I I ];xi [DI I ;I I ]

¡1 (53)

[DI I;I I ]
¡1
;xi x j

D ¡[DI I;I I ]
¡1
;xi

[DI I;I I ];x j [DI I ;I I ]
¡1

¡ [DI I;I I ]
¡1
;x j

[DI I;I I ];xi [DI I;I I ]
¡1

¡ [DI I;I I ]
¡1[DI I;I I ];xi x j [DI I;I I ]

¡1 (54)

Results and Discussion
The numerical results are obtained for a cantilevered laminated

beam. The beam’s mechanical and geometrical properties were as-
sumeduniformthroughoutthebeam.Thematerialconsideredfor the
analysiswas graphite–epoxy. These propertiesare given in Tables 1
and 2 for which results were produced.

Three models were developed: exact MCS, sensitivity-based
MCS, and PFEA. For all three models, 10 beam elements were used
and 4 different laminated beams are considered: 1) symmetrically
laminated cantilever beam with 4 plies, 2) and unsymmetrically
laminated cantilever beam with 4 plies, 3) symmetrically laminated
cantileverbeam with 8 plies, and 4) and unsymmetricallylaminated
cantilever beam with 8 plies.

When the effect of the uncertainties of random variables on the
fundamentalnatural frequenciesis studied, it is convenient to study
their squared value, that is, eigenvalues.The statistical analysis for
eigenvalues can be expressed as the variation of the � rst standard
deviation about the mean value as follows:

¸ D ¹¸ § ¾¸ (55)

¸ D ¹¸.1 § ±¸/ (56)
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The statistical analysis for natural frequencies is obtained by taking
the square root on both sides of Eq. (56). When only the � rst-order
approximation is considered, the following expression is obtained:

!n D ¹!.1 § ±¸=2/ (57)

!n D ¹!.1 § ±!/ (58)

The natural frequencies are nondimensionalizedwith respect to
the deterministic quantities as follows:

O!n D
¡
!n L2

0

¯
h0

¢p
½=E yy (59)

In general, the ply-angle uncertainties are §2:5 deg. However,
results were produced for twice the ply orientation uncertainties,
that is, from¡5 to 5 deg.The statisticalanalysis is shown in Tables1
and 2.

In all three models, the mean values and the coef� cient of vari-
ations were close. However, the PFEA is conservative in the sense
that it overestimates the variation of the natural frequencies. Exact
MCSs would have been the most accurate approach but also a very
expensive one. Therefore, the PFEA can be safely used.

The sensitivity-based MCS is an alternative approach that pro-
duces fairly good results and saves time. This approach produces
very good results for only 1000 samples as opposed to 10,000 sam-
ples employed in the exact MCS.

Table 1 shows that uncertainties do not have a great in� uence on
higher dimensionless eigenvalues. However, in most of engineer-
ing applications, the fundamental mode is the most important one.
The fundamentaldimensionlessnatural frequenciesare tabulated in
Table 2, and it can be seen that they are well predicted by the two
proposedmodels and that the results are in good agreementwith the
exact MCS.

Figure 1 shows that the present models have a good correlation
when compared to the exact MCS. Also, as the number of plies is
increased, the models correlated even better with exact MCS.

Figures 2 and 3 shows that the eigenvalues are mainly sensi-
tive to the zeroth- and � rst-order terms. The second-order terms do
not in� uence the behavior of the eigenvalues.Therefore, the analy-
sis would have been accurate if only the � rst-order approximation
was considered. Figures 2 and 3 show that the variation of the � rst
derivativescontributessigni� cantly to the amount of uncertaintyin-
volved.Therefore, the ply angle uncertaintiescan play an important
role in affecting free vibrations of symmetrically and unsymmetri-
cally laminated beams. However, this in� uence for the fundamental
mode is very small.

Conclusions
MCS has been applied to symmetric and unsymmetrically lam-

inated beams with randomness in ply orientation to study the free
vibrations.At least 10,000realizationsof the Monte Carlo sampling
have been performed to improve the accuracy of the analysis.

A second sensitivity-based MCS has been developed using per-
turbation methods. With the use of Taylor series expansion, the
eigenvalues has been expressed as mean-valued and probabilistic
quantities.The accuracy of the results have been compared to those
obtained by exact MCS.

A third approach, the probabilistic � nite element approach was
also developed. It proved to be conservative and gave a very good
prediction of the behavior of the fundamental natural frequency in
the presence of ply angle uncertainties.

The proposed two methods are advantageous over other tech-
niques because the eigenvalue problem needs to be solved only
once. Also, an elegantway to obtain sensitivityderivativeshas been
detailed.

Based on the results, the methods yield great computational sav-
ings when one is interested in predicting the statistics of the fun-
damental natural frequency of unsymmetrically laminated beam in
the presence of ply-angle uncertainties.
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9Schuëller, G. I., “A State-of-the-Art Report on ComputationalStochastic
Mechanics,” Probabilistic Engineering Mechanics, Vol. 12, No. 4, 1997,
pp. 197–321.

10Nakagiri, S., and Hisada, T., “A Note on Stochastic Finite Element
Method (Part I),” Seisan-Kenkyu, Vol. 32, 1988, p. 39.

11Nakagiri, S., and Hisada, T., “A Note on Stochastic Finite Element
Method (Part II),” Seisan-Kenkyu, Vol. 32, 1988, p. 28.

12Vinckenroy, G. V., de Wilde, W. P., and Vantomme, J., “Monte Carlo-
based Stochastic Finite Element Method: A New Approach for Structural
Design,” Vrije Univ., Brussels, 1995.

13Mei, H., Agrawal, O. P., and Pai, S. S., “Wavelet-Based Model for
Stochastic Analysis of Beam Structures,” AIAA Journal, Vol. 36, No. 3,
1998, pp. 465–470.

14Oh, D. H., and Librescu, L., “Free Vibration and Reliability of Com-
posite Cantilevers Featuring Uncertain Properties,” Reliability Engineering
and System Safety, Vol. 56, No. 3, 1997, pp. 265–272.

15Reddy, J. N., Mechanics of Laminated Composite Plates: Theory and
Analysis, CRC Press, New York, 1997.

16Reissner, E., “A Consistent Treatment of Transverse Shear Defor-
mation in Laminated Anisotropic Plates,” AIAA Journal, Vol. 10, 1972,
p. 716.

17Madabhusi, P., and Davalos, J. F., “Static Shear Correction Factor for
Laminated Rectangular Beams,” Composites: Part B, Vol. 27B, No. 3–4,
1996, pp. 285–293.

18Vinckenroy, G. V., and de Wilde, W. P., Monte Carlo-based Stochas-
tic Finite Element Method: An Application to Composite Structures,
Ph.D. Dissertation, Vrije Univ., Brussels, Dec. 1994.

19Haldar, A., and Mahadevan, S., Probability, Reliability, and Statistical
Methods in Engineering Design, Wiley, New York, 2000.

20Law, A. M., and Kelton, W. D., Simulation Modeling and Analysis,
3rd ed., McGraw–Hill, New York, 2000.

21Odeh, R. E., and Evans, O. J., “The Percentage Points of the Normal
Distribution,” Applied Statistics, No. 23, 1974, pp. 96, 97.

22Atkinson, A. C., and Pearce, M. C., “The Computer Generation of Beta,
Gamma, and Normal Random Variables,” Journal of the Royal Statistical
Society, Vol. A139, 1976, pp. 431–448.

23Ang, A. H.-S., and Tang, W. H., Probability Concepts in Engineering
Planning and Design: Volume I, Wiley, New York, 1975.

24Ang, A. H.-S., and Tang, W. H., Probability Concepts in Engineering
Planning and Design: Volume II, Wiley, New York, 1984.

25Hasselman, T. K., and Hart, G. C., “Modal Analysis of Random Struc-
tural Systems,” Journal of the Engineering Mechanics Division, ASCE,
Vol. 98, 1972, pp. 561–579.

A. M. Waas
Associate Editor


